Abstract-It has been difficult to solve eigenmodes of plasmonic crystals in two or three dimensions either analytically or numerically. In this study, we present an interfacial operator approach for solving guided wave modes of plasmonic crystals. They are formulated as an eigenvalue problem of the wavenumber along the axis of the crystal. In this formulation, the permittivity and permeability of the metallic component can be arbitrary functions of frequency. Moreover, a coupling interface method is introduced to facilitate accurate treatment of the interface conditions with an arbitrary shape between the metal and host materials. Numerical results are illustrated for different shapes of plasmonic crystals, layered, cylindrical and split-ring structures. The physical significance is discussed. Finally, it is demonstrated that the present method can resolve fine eigenmodes of the split-ring structure.
INTRODUCTION
Plasmonics is considered to be the strongest interplay of both optical and electronic data transfer along a tiny metal [1] . It has found important applications in modern nano-technology such as magneto-optic data storage, microscopy, solar cells, sensors for detecting biologically molecules, and plasmonic crystals [2] . Plasmonic crystals consist of periodic arrays of metalic and dielectric materials, and are useful to transmit sub-wave-length signals. Propagation of electromagnetic waves along the axis of a plasmonic crystal is now formulated as an eigenvalue problem of the axial wavenumber. In this formulation, the structure of the metal-dielectric composite material is considered to be periodic, and the permittivity and permeability of the metallic component can be arbitrary functions of frequency.
There are a few other methods [3] [4] [5] [6] [7] which have been applied to solve for the eigenmodes of plasmonic crystals. But they are not direct method. The present approach, the augmented coupling method, is a second-order finite difference approach to this eigenvalue problem. Its ingredients include: (i) an interfacial operator approach [8] (ii) an extension of the coupling interface method [9] which can treat elliptic interface problem with arbitrary shape under Cartesian grid structure. The discretization procedure is a dimension-by-dimension approach. The new ingredient in the present work is that the interface condition is introduced by interfacial variables and realized at uniformly distributed interfacial grid points, instead at the intersections of the interface and the underlying rectangular grid lines in the previous work. Modications on derivation of coupling equation and interpolation are needed.
GUIDED WAVE PROPAGATION IN METAL-DIELECTRIC COMPOSITE MATERIAL
Consider a waveguide along the axis of two-dimensional crystals. The crystal geometry is assumed to be periodic in the x-y plane with a unit cell. The governing equation for electromagnetic (EM) wave propagation in such media is the macroscopic Maxwell equations.
Since the waveguide is homogeneous in the z direction, we look for monochromatic modes of the form:
where E and B are the electric and magnetic fields; ω is the frequency; k z is the wave number along the z-direction (axial wavenumber); (E x , E y , E z ) and (H x , H y , H z ) are functions of (x, y). At the cell boundary the Bloch boundary condition is applied to two fields:
where a x , a y are length and width of the unit cell; (k x , k y ) is Bloch wave vector. Substituting (1) and (2) into the Farady and Ampere equations, we get
where Λ = (ω/c) 2 εµ − k 2 z , ∇ 2 = (∂/∂x, ∂/∂y), and c = 1/ √ ε 0 µ 0 is the speed of light in vaccum.
Suppose the interface between metal (Ω − ) and host medium (Ω + ) in x-y plane is Γ. Across the interface Γ, the following interface conditions should be satisfied:
where s is the tangent vector in the x-y plane.
METHOD OF INTERFACIAL OPERATOR
Because ε and µ are frequency-dependent functions in the present study, we shall solve the problem of plasmonic guided wave modes as an eigenvalue problem for k z with given ω. In the interior of each region, the permittivity and permeability are spatially independent, thus Eqs. (5) and (6) are reduced to the Helmholtz equations with constant coefficients:
Here the sub-index z is dropped for notational simplicity. In order to express the interface conditions as an eigenvalue problem like Eqs. (11) and (12). Now we introduce two auxiliary interface variables:
where ε ± and µ ± are the relative permittivity and permeability functions in Ω ± , respectively, and rearrange Eq. (9) as
where
Here, we have used ∂E ∂s = 0, ∂H ∂s = 0, which are due to the jump conditions (7) and (8). we shall call the left-hand side of Eqs. (15) and (16) the interfacial operators. It will be re-expressed in terms of E, H, J E and J H in the later section during discretization procedure. Eqs. (11), (12), (15), (16), together with the Bloch boundary condition, constitute a quadratic eigenvalue problem for k with unknowns (E, H, J E , J H ), since both k and k 2 appear in Eqs. (15) and (16).
COUPLING INTERFACE METHOD
To accurately discretize the above equations, we adopt the coupling interface method [9] . This is a second-order accurate finite difference method under Cartesian grid, and it treats the interface as an immersed boundary. The advantages of this method include that: (1) it is a dimension-bydimension approach thus has no limitation on the dimensionality; (2) its local truncation error is independent of the jumps of the coefficients and thus it is suitable to elliptic interface problems with large jumps in coefficients. Further, this method uses only first-order derivatives on the interface, and is thus naturally to incorporate with the interfacial operator approach, which introduces firstorder derivatives as auxiliary variables. We will explain the two dimensional case here.
For two-dimensional guided wave problems, we partition the unit cell The abbreviation E i,j = E(x i , y j ) is used. We shall also abbreviate the unknowns (E 1,1 , . . . , E N,N ) by E 1:N,1:N . On the interface Γ, a set of uniformly distributed grids based on arc length on Γ is adopted. They are labeled by (x ,ŷ ), = 1, . . . , N J . At these points, the auxiliary interface variables (J E, , J H, ) are defined.
In an interior Cartesian grid point, Eqs. (11) and (12) are discretized by the standard central finite difference method. At a Cartesian grid point which is adjacent to the interface, suppose (x i , y j ) is the grid point at which we want to derive a finite difference equation. Let P = (x i + α x h, y j ) and Q = (x i , y j + α y h) be the intersections of Γ and the x and y-axis from (x i , y j ); and R = (x R ,ŷ R ) = (x i + α r,x h, y j + α r,y h) be the closest interface grid point to (x i , y j ). Our goal is to derive a finite difference approximations for ∇ 2 2 E i,j and ∇ 2 2 H i,j in terms of the grid data and the interfacial variables. The discretization procedure is divided into the following steps.
Dimension-by-dimension Approach
First, we apply the previous one-dimensional method in each dimension. For instance, to derive finite difference approximation for
we apply the one-dimensional method along the grid line y = y j and get
εx . Similarly, in the y-direction, we can get
Using the Interfacial Variables at Interface Grid Points
Next, we re-express the terms ε ∂E ∂x R and ε ∂E ∂y R in the above approximation in terms of normal and tangential derivatives of E at R:
where n = (n x , n y ) and s = (s x , s y ) are the unit normal and tangential vectors of Γ at R, respectively. Here we have used ∂E ∂s R = 0.
Interpolation for the One-side Tangential Derivative
The one-side tangential derivative can be expressed by the near-by points,
and cross second order derivatives. The cross derivatives in Eqs. (17), (18) and tangential derivatives are approximated by
Substitute Eqs. (19) ∼ (21) into Eqs. (17) and (18), we deduce a coupling equation for the second order partial derivatives
. This coupling equation is solvable practically [10] .
Finally, we get the approximations of
which are represented as the linear combination of near-by points and interfacial variables. Table 1 shows the convergence result of our two dimensional method. It is a layer structure. But we enforce the periodic boundary condition in the y-direction. It shows that our method is second order in kza 2π when kya 2π is 0, 1, and 2. And it is slightly lower than second order accuracy when kya 2π is 3. Lower accuracy for the eigenvalues of higher oscillatory eigenmodes is usually happened when we use a numerical method to find the eigenvalues. It also gives us the criterion to filter out some eigenmodes with bad accuracy. . We use a two dimensional code to compute the layer structure by enforcing periodic condition in y-direction. Figure 1 shows the dispersion relation of the cylindrical waveguides which is made of metals and dielectrics. We test two different configuations. One is a dielectric ring and the other is two dielectric rings imbeded in the metals. We found that when we add one more dielectric ring, there are one more dispersion curve with slower group velocity. It also reduces the attenuation constant of the previous one. Figure 2 shows some eigenmodes for split-ring structure. We selected the smoother eigenmodes which can be resolved accurately under the resolution. We found that the surface plasmons are localized on the edges of the split-ring structure. 
RESULT AND DISCUSSION

CONCLUSION
In the study, we presented the interfacial operator approach with the coupling interface method for solving guided wavemodes of plasmonic crystals. It is considered as an eigenvalue problem for the axial wavenumber. In this formulation, the metallic components can be very general in geometry, and are allowed to have arbitrary frequency-dependent permittivity and permeability. We use the layer structure to test the convergency of our method. The result shows that our method is second order. Two configurations of cylindrical waveguide are tested. By adding one more dielectric ring can produce a wave with slower group velocity and make the propagation length longer compared with the configuration with only one dielectric ring. Finally, it is demonstrated that the present method can resolve fine eigenmodes of the split-ring structure.
